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Abstract. In this paper, we generalise a congruence which proved by V. J.-W. Guo
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1. Introduction
Recall that the Bernoulli polynomials are defined as
Bn(x) =
n∑
k=0
(
n
k
)
Bkx
n−k (n ∈ N).
The nth generalised harmonic number is given by
H(k)n =
n∑
j=1
1
jk
and the nth classic harmonic number is known as Hn = H
(1)
n .
The Ape´ry numbers are defined by
An =
n∑
k=0
(
n
k
)2(
n + k
k
)2
(n ∈ N).
In the past decades, congruences involving Ape´ry numbers have attracted the attention of
many researchers (see, for instance, [1–3,6]). In 2012, Guo and Zeng proved the following
congruence conjectured by Sun [12]: If p > 3 is a prime, then
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak ≡
(p
3
)
(mod p2).
where
(
·
p
)
denotes the Legendre symbol.
The main objective of this paper is to prove the following result, which generalises the
above congruence.
1
Theorem 1.1. Let p > 3 be a prime. Then we have
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak ≡
(p
3
)
+
p2
6
Bp−2
(
1
3
)
(mod p3). (1.1)
The well known Franel numbers are defined as
fn =
n∑
k=0
(
n
k
)3
(n ∈ N),
which satisfy the recurrence:
(n + 1)2fn = (7n
2 + 7n+ 2)fn + 8n
2fn−1.
Strehl [10] gave the following identity:
fn =
n∑
k=0
(
n
k
)(
k
n− k
)(
2k
k
)
=
n∑
k=0
(
n
k
)2(
2k
n
)
. (1.2)
Many people (see [5,7,13,14]) have studied congruences for Franel numbers. For instance,
Sun [Theorem 1.1] [13] proved that for any prime p > 3,
p−1∑
k=0
(−1)kfk ≡
(p
3
)
(mod p2).
The second aim of this paper is to prove the following congruence which conjectured by
Sun [15].
Theorem 1.2. For any prime p > 3, we have
p−1∑
k=0
(−1)kfk ≡
(p
3
)
+
2p2
3
Bp−2
(
1
3
)
(mod p3). (1.3)
We end the introduction by giving the organization of this paper. We shall give some
preliminary results first in Section 2, and then prove Theorem 1.1 in Section 3, Theorem
1.2 will be proved in Section 4 in two ways.
2. Preliminary lemmas
Lemma 2.1. Let p > 3 be a prime. Then
(p−1)/2∑
k=1
(−3)k
k
k∑
j=1
1
(2j − 1)(−3)j
≡
1
6
Bp−2
(
1
3
)
(mod p).
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Proof. First we have
(p−1)/2∑
k=1
(−3)k
k
k∑
j=1
1
(2j − 1)(−3)j
=
(p−1)/2∑
k=1
1
k
k∑
j=1
(−3)k−j
2j − 1
=
(p−1)/2∑
k=1
1
k
k−1∑
j=0
(−3)j
2k − 2j − 1
=
(p−3)/2∑
j=0
(−3)j
(p−1)/2∑
k=j+1
1
k(2k − 2j − 1)
=
(p−3)/2∑
j=0
(−3)j
2j + 1
(p−1)/2∑
k=j+1
(
2
2k − 2j − 1
−
1
k
)
.
It is easy to check that
(p−1)/2∑
k=j+1
2
2k − 2j − 1
=
(p−1)/2−j∑
k=1
2
2k − 1
= 2
(
Hp−1−2j −
1
2
H p−1
2
−j
)
= 2Hp−1−2j −H p−1
2
−j .
So
(p−1)/2∑
k=1
(−3)k
k
k∑
j=1
1
(2j − 1)(−3)j
=
(p−3)/2∑
j=0
(−3)j
2j + 1
(
2Hp−1−2j −H p−1
2
−j −H p−1
2
+Hj
)
.
It is easy to see that Hp−1−2j ≡ H2j (mod p) and H p−1
2
−j −H p−1
2
≡ 2H2j −Hj (mod p).
Hence
(p−1)/2∑
k=1
(−3)k
k
k∑
j=1
1
(2j − 1)(−3)j
≡
(p−3)/2∑
j=0
(−3)j
2j + 1
(
2Hj − 2H p−1
2
)
(mod p).
It is obvious that
(p−3)/2∑
j=0
(−3)j
2j + 1
(
Hj −H p−1
2
)
=
(p−1)/2∑
j=1
(−3)(p−1)/2−j
p− 2j
(
H p−1
2
−j −H p−1
2
)
≡
(−3)(p−1)/2
2
(p−1)/2∑
j=1
Hj − 2H2j
j(−3)j
(mod p).
Therefore in view of [8, (1.3)], and by the fact that (−3)(p−1)/2 ≡
(
−3
p
)
=
(
p
3
)
(mod p),
we immediately get the desired result. ✷
Lemma 2.2. For any prime p > 3, we have
(p−1)/2∑
k=1
1
k
(
2k
k
) k∑
j=1
(
2j
j
)
j
≡
1
3
Bp−2
(
1
3
)
(mod p).
Proof. In view of [11], we have
(p−1)/2∑
j=1
(
2j
j
)
j
≡ 0 (mod p).
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This, with H
(2)
(p−1)/2 ≡ 0 (mod p) yields that
(p−1)/2∑
k=1
1
k
(
2k
k
) k∑
j=1
(
2j
j
)
j
≡ −
(p−1)/2∑
k=1
1
k
(
2k
k
) (p−1)/2∑
j=k+1
(
2j
j
)
j
= −
(p−1)/2∑
j=2
(
2j
j
)
j
j−1∑
k=1
1
k
(
2k
k
)
= −
(p−1)/2∑
j=1
(
2j
j
)
j
j∑
k=1
1
k
(
2k
k
) +H(2)(p−1)/2
≡ −
(p−1)/2∑
j=1
(
2j
j
)
j
j∑
k=1
1
k
(
2k
k
) (mod p).
It is well known that
(
2j
j
)
≡
(
(p−1)/2
j
)
(−4)j (mod p) for each j = 0, 1, . . . , (p− 1)/2, so
(p−1)/2∑
k=1
1
k
(
2k
k
) k∑
j=1
(
2j
j
)
j
≡ −
(p−1)/2∑
j=1
(
(p−1)/2
j
)
(−4)j
j
j∑
k=1
1
k
(
2k
k
) (mod p).
By Sigma we have the following identity
n∑
j=1
(
n
j
)
(−4)j
j
j∑
k=1
1
k
(
2k
k
) = −2 n∑
k=1
(−3)k
k
k∑
j=1
1
(2j − 1)(−3)j
.
Setting n = (p− 1)/2 in the above identity, we have
(p−1)/2∑
k=1
1
k
(
2k
k
) k∑
j=1
(
2j
j
)
j
≡ 2
(p−1)/2∑
k=1
(−3)k
k
k∑
j=1
1
(2j − 1)(−3)j
(mod p),
then we immediately get the desired result by Lemma 2.1. ✷
Lemma 2.3. Let p > 3 be a prime. Then for each k = 1, 2, . . . , (p− 1)/2 we have
p−2k∑
j=2
(
k+j−1
k
)
k + j
≡ (−1)k
(
3
2
k∑
j=1
(
2j
j
)
j
−
(
2k
k
)
k
)
−
1
k + 1
(mod p).
Proof. First we have
p−2k∑
j=2
(
k+j−1
k
)
k + j
=
p−k∑
j=k+2
(
j−1
k
)
j
=
p−k∑
j=k+1
(
j−1
k
)
j
−
1
k + 1
.
In view of [4, (4.37)], we have
n∑
j=a
(−1)j−a
(
n
j
)
1
j
=
n∑
j=a
(
j − 1
a− 1
)
1
j
(1 ≤ a ≤ n).
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Hence
p−k∑
j=k+1
(
j−1
k
)
j
=
p−k∑
j=k+1
(−1)j−k−1
(
p− k
j
)
1
j
=
p−k∑
j=1
(−1)j−k−1
(
p− k
j
)
1
j
−
k∑
j=1
(−1)j−k−1
(
p− k
j
)
1
j
.
By Sigma we have
∑n
j=1(−1)
j
(
n
j
)
1
j
= −Hn, so
p−k∑
j=k+1
(
j−1
k
)
j
= (−1)kHp−k −
k∑
j=1
(−1)j−k−1
(
p− k
j
)
1
j
.
It is known that
(
−n
k
)
= (−1)k
(
n+k−1
k
)
, hence
k∑
j=1
(−1)j−k−1
(
p− k
j
)
1
j
≡
k∑
j=1
(−1)j−k−1
(
−k
j
)
1
j
= (−1)k+1
k∑
j=1
1
j
(
k + j − 1
j
)
(mod p).
By Sigma we have
n∑
j=1
1
j
(
n + j − 1
j
)
=
1 + 3n
n
−
(
2n
n
)
n
−Hn +
3
2
n∑
j=2
(
2j
j
)
j
.
Thus
k∑
j=1
(−1)j−k−1
(
p− k
j
)
1
j
≡ (−1)k+1
(
1 + 3k
k
−
(
2k
k
)
k
−Hk +
3
2
k∑
j=2
(
2j
j
)
j
)
= (−1)k+1
(
3
2
k∑
j=1
(
2j
j
)
j
−
(
2k
k
)
k
−Hk−1
)
(mod p).
Since Hp−k ≡ Hk−1 (mod p), therefore
p−2k∑
j=2
(
k+j−1
k
)
k + j
≡ (−1)k
(
3
2
k∑
j=1
(
2j
j
)
j
−
(
2k
k
)
k
)
−
1
k + 1
(mod p).
Now the proof of Lemma 2.3 is complete. ✷
Lemma 2.4. Let p > 3 be a prime. Then for each k = 1, 2, . . . , (p− 1)/2 we have
p−2k∑
j=0
(
−k
k + j
)
(−1)k+j(
k+j
k
) ≡ 3k
2
k∑
j=1
(
2j
j
)
j
−
3
2
(
2k
k
)
(mod p).
5
Proof. We know that
p−2k∑
j=0
(
−k
k + j
)
(−1)j(
k+j
k
) ≡ p−2k∑
j=0
(
p− k
k + j
)
1(
p−k−1
j
) = p−2k∑
j=0
(
p−k
p−2k−j
)
(
p−k−1
j
)
=
p−2k∑
j=0
(
p− k
j
)
1(
p−k−1
p−2k−j
) (mod p).
By Sigma, we have the following identity,
n∑
j=1
(
n+k
j
)
(
n+k−1
n−j
) = −n + k
k + 1
−
n
k
(
n+k−1
n−1
) + (n+ k)2
(
n+k−1
n−1
)
nk
− (n+ k)
n∑
j=2
(
k+j−1
k
)
k + j
.
Setting n = p− 2k, we have
p−2k∑
j=1
(
p−k
j
)
(
p−k−1
p−2k−j
) ≡ k
k + 1
+
2(−1)k(
2k
k
) − (−1)k
2
(
2k
k
)
+ k
p−2k∑
j=2
(
k+j−1
k
)
k + j
(mod p).
Hence
p−2k∑
j=0
(
−k
k + j
)
(−1)j(
k+j
k
) ≡ k
k + 1
+
2(−1)k(
2k
k
) − (−1)k
2
(
2k
k
)
+ k
p−2k∑
j=2
(
k+j−1
k
)
k + j
+
1(
−k−1
k−1
)
=
k
k + 1
−
(−1)k
2
(
2k
k
)
+ k
p−2k∑
j=2
(
k+j−1
k
)
k + j
(mod p).
By Lemma 2.3, we have
p−2k∑
j=0
(
−k
k + j
)
(−1)k+j(
k+j
k
) ≡ (−1)k k
k + 1
−
1
2
(
2k
k
)
+ (−1)kk
p−2k∑
j=2
(
k+j−1
k
)
k + j
≡ (−1)k
k
k + 1
−
1
2
(
2k
k
)
+ k
(
3
2
k∑
j=1
(
2j
j
)
j
−
(
2k
k
)
k
)
−
(−1)k
k + 1
=
3k
2
k∑
j=1
(
2j
j
)
j
−
3
2
(
2k
k
)
(mod p).
Now we finish the proof of Lemma 2.4. ✷
Lemma 2.5. For any prime p > 3, we have
p−1∑
k=(p+1)/2
(
2k
k
) k∑
j=p−k
(
k
j
)(
k + j
j
)
(−1)k+j ≡ −p2Bp−2
(
1
3
)
(mod p3).
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Proof. It is known that
(
k+j
j
)
≡ 0 (mod p) for each p − k ≤ j ≤ p − 1 with k ∈ {(p +
1)/2, . . . , p− 1}, and in view of [11]
k
(
2k
k
)(
2(p− k)
p− k
)
≡ −2p (mod p2) for all k = 1, 2, . . . , (p− 1)/2.
So
p−1∑
k=(p+1)/2
(
2k
k
) k∑
j=p−k
(
k
j
)(
k + j
j
)
(−1)k+j
=
(p−1)/2∑
k=1
(
2p− 2k
p− k
) p−k∑
j=k
(
p− k
j
)(
p− k + j
j
)
(−1)p−k+j
≡ −2p
(p−1)/2∑
k=1
1
k
(
2k
k
) p−k∑
j=k
(
p− k
j
)(
p− k + j
j
)
(−1)k+j+1 (mod p3).
It is obvious that(
p− k + j
j
)
=
(p− k + j) · · · (p− k + 1)
j!
≡
p(j − k)!(−1)k−1(k − 1)!
j!
=
p(−1)k−1
k
(
j
k
) (mod p2).
Hence
p−1∑
k=(p+1)/2
(
2k
k
) k∑
j=p−k
(
k
j
)(
k + j
j
)
(−1)k+j
≡ −2p2
(p−1)/2∑
k=1
1
k2
(
2k
k
) p−k∑
j=k
(
−k
j
)
(−1)j(
j
k
)
= −2p2
(p−1)/2∑
k=1
1
k2
(
2k
k
) p−2k∑
j=0
(
−k
k + j
)
(−1)k+j(
k+j
k
) (mod p3).
By Lemma 2.4, Lemma 2.2 and H
(2)
(p−1)/2 ≡ 0 (mod p), we have
p−1∑
k=(p+1)/2
(
2k
k
) k∑
j=p−k
(
k
j
)(
k + j
j
)
(−1)k+j ≡ −2p2
(p−1)/2∑
k=1
1
k2
(
2k
k
)
(
3k
2
k∑
j=1
(
2j
j
)
j
−
3
2
(
2k
k
))
= −3p2
(p−1)/2∑
k=1
1
k2
(
2k
k
) k∑
j=1
(
2j
j
)
j
+ 3p2H
(2)
(p−1)/2
≡ −p2Bp−2
(
1
3
)
(mod p3).
Therefore the proof of Lemma 2.5 is finished. ✷
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3. Proof of Theorem 1.1
Proof of Theorem 1.1. By [6, Thm 2.1], we have
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak =
p−1∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)(
p− 1
k + j
)(
p+ k + j
k + j
)
.
It is easy to see that
(
p− 1
k + j
)(
p+ k + j
k + j
)
=
k+j∏
i=1
p2 − i2
i2
≡ (−1)k+j
(
1− p2H
(2)
k+j
)
(mod p3).
So
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak ≡ θ1 + θ2 (mod p
3),
where
θ1 =
(p−1)/2∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+j
(
1− p2H
(2)
k+j
)
,
θ2 =
p−1∑
k=(p+1)/2
(
2k
k
) p−1−k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+j.
It is obvious that
θ2 +
(p−1)/2∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+j =
p−1∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+j
−
p−1∑
k=(p+1)/2
(
2k
k
) k∑
j=p−k
(
k
j
)(
k + j
j
)
(−1)k+j.
By Chu-Vandermonde identity, we have
p−1∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+j =
p−1∑
k=0
(
2k
k
)
.
In view of Lemma 2.5, we have
θ2 +
(p−1)/2∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+j ≡
p−1∑
k=0
(
2k
k
)
+ p2Bp−2
(
1
3
)
(mod p3).
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Hence
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak −
p−1∑
k=0
(
2k
k
)
− p2Bp−2
(
1
3
)
≡ −p2
(p−1)/2∑
k=0
(
2k
k
) k∑
j=0
(
k
j
)(
k + j
j
)
(−1)k+jH
(2)
k+j
= −p2
(p−1)/2∑
k=0
(
2k
k
) 2k∑
j=k
(
k
j − k
)(
j
k
)
(−1)jH
(2)
j (mod p
3).
By [8, (4.1)], we have
2k∑
j=k
(
k
j − k
)(
j
k
)
(−1)jH
(2)
j = 3
k∑
j=1
1
j2
(
2j
j
) .
So
1
p
p−1∑
k=0
(−1)k(2k+1)Ak−
p−1∑
k=0
(
2k
k
)
−p2Bp−2
(
1
3
)
≡ −3p2
(p−1)/2∑
k=1
(
2k
k
) k∑
j=1
1
j2
(
2j
j
) (mod p3).
Therefore, by [9] and [8, (4.4)], we immediately get the desired result
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak ≡
(p
3
)
+
p2
6
Bp−2
(
1
3
)
(mod p3).
Now we finish the proof of Theorem 1.1. ✷
4. Proof of Theorem 1.2
Proof of Theorem 1.2. First we have the following identity
n∑
k=0
(
n
k
)(
n+ 1 + k
k
)
fk =
(−1)n
n + 1
n∑
k=0
(−1)k(2k + 1)Ak.
Setting n = p− 1 in the above identity, we have
p−1∑
k=0
(
p− 1
k
)(
p+ k
k
)
fk =
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak.
It is easy to check that(
p− 1
k
)(
p+ k
k
)
=
k∏
j=1
p2 − j2
j2
≡ (−1)k
(
1− p2H
(2)
k
)
(mod p3).
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So we have
p−1∑
k=0
(−1)k
(
1− p2H
(2)
k
)
fk ≡
1
p
p−1∑
k=0
(−1)k(2k + 1)Ak (mod p
3).
This, with Theorem 1.1 and [8, (1.5)] yields that
p−1∑
k=0
(−1)kfk ≡
(p
3
)
+
2p2
3
Bp−2
(
1
3
)
(mod p3).
Now the proof of Theorem 1.2 is completed. ✷
Another proof of Theorem 1.2. In view of (1.2), we have
p−1∑
k=0
(−1)kfk =
p−1∑
k=0
(−1)k
k∑
j=0
(
k
j
)(
j
k − j
)(
2j
j
)
=
p−1∑
j=0
(
2j
j
) p−1∑
k=j
(
k
j
)(
j
k − j
)
(−1)k
=
p−1
2∑
j=0
(
2j
j
) 2j∑
k=j
(
k
j
)(
j
k − j
)
(−1)k +
p−1∑
j= p+1
2
(
2j
j
) p−1∑
k=j
(
k
j
)(
j
k − j
)
(−1)k
=
p−1
2∑
j=0
(
2j
j
) j∑
k=0
(
k + j
j
)(
j
k
)
(−1)k+j +
p−1∑
j= p+1
2
(
2j
j
) p−1−j∑
k=0
(
k + j
j
)(
j
k
)
(−1)k+j.
By Chu-Vandermonde identity, we have
j∑
k=0
(
k + j
j
)(
j
k
)
(−1)k+j = 1
Hence
p−1∑
k=0
(−1)kfk =
p−1
2∑
j=0
(
2j
j
)
+
p−1∑
j= p+1
2
(
2j
j
)
(−1)j
(
j∑
k=0
(
k + j
j
)(
j
k
)
(−1)k −
j∑
k=p−j
(
k + j
j
)(
j
k
)
(−1)k
)
=
p−1∑
j=0
(
2j
j
)
−
p−1∑
j= p+1
2
(
2j
j
) j∑
k=p−j
(
k + j
j
)(
j
k
)
(−1)k+j.
By Lemma 2.5 and [9], we have
p−1∑
k=0
(−1)kfk ≡
(p
3
)
+
2p2
3
Bp−2
(
1
3
)
(mod p3).
Therefore the proof of Theorem 1.2 is complete. ✷
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